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Interface Friction and Deformation Kinematics in Metal 
Compression with Sticking Friction 

D.K. Dasgupta 

Friction at the die-metal interface results in nonuniform deformation in metal compression. With sticking 
friction, the plastic flow mechanism becomes extremely complex, and the force and energy requirements 
are higher compared to frictional compression. Earlier research, which had some limitations, enables 
evaluation of the forming load in metal compression involving sticking friction. In the present article, 
critical analysis has been made regarding frictional behavior at the real contact areas to propose a more 
realistic estimation of frictional constraints. For this purpose, available inferences in specific areas of 
metal forming, concerning fundamental concepts of friction and the influence of interface shear stress, 
bulk deformation, etc., on frictional behavior, have been used and modified as required. Also, a rational 
deformation kinematics has been proposed, assuming velocity discontinuity at every point within the flow 
field. The proposed estimation of friction and plastic flow kinematics yields results in line with the pub- 
lished experimental findings and the corresponding slip-line field solutions. 

1. Introduction 

FRICTION at the die-metal interface has a significant effect on 
the load requirement and formed metal geometry in metal com- 
pression. With friction, the deformation process is nonhomo- 
geneous, and plastic flow kinematics become extremely com- 
plex. Also, the load and energy requirements are higher 
compared to frictionless forming. Figure 1 (a) shows uniform 
flow of metal in the case of frictionless compression. Figure 
1 (b) indicates the associated redundant deformation, if friction 
exists at the interface. 

A considerable amount of information has been reported in 
the past three decades concerning deformation mechanisms 
and frictional behavior occurring at the interface in various 
metalforming operations. Attempts continue to predict and ex- 
plain more precisely the frictional constraints and their effect 
on the plastic flow kinematics under the condition of  sticking 
friction. Several theories and analytical methods were devel- 
oped using some pertinent assumptions to evaluate forming 
load and energy. Some of the methods that were developed ear- 
lier considered either a constant friction coefficient or a con- 
stant shear stress at the interface. Subsequent developments as- 
sumed a combination of a frictionless zone and a constant shear 
stress zone at the interface to predict more accurate results in 
the case of sticking friction. 

Various analytical techniques to determine upsetting load, 
considering friction or without friction, are: 

�9 Slab-force balance method 

�9 Upper bound slab-energy method 

�9 Traditional upper bound method 

�9 Combined upper bound slab-energy 
traditional upper bound method 

�9 Slip-line field theory 

method and 
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The fundamental assumptions and process evaluation of 
these methods have been discussed extensively in the available 
literature for various forming operations. [1-8] Examples of  ex- 
tensive application of these theories and techniques to deter- 
mine load and torque under different conditions of hot metal 
rolling have been referenced.19-14] Comparison of the results 
obtained from the various methods listed above for compres- 
sion of metal with sticking friction is shown in Fig. 2.ll] 

The fundamental concepts and the role of interface friction 
relating to bulk deformation have been studied on the mi- 
crolevel in the areas of sheet-metalforming, namely stretch 
forming and deep drawing. Exhaustive references on interface 
contact geometry and its bearing on the tribological behavior of 
the interface are available in the literature, tn the first section of  
this article, a brief review of  the fundamental concepts concern- 
ing interface friction in metalforming has been made. In the 
second section, sticking friction applied to metal compression 
has been critically studied. A two-stage deformation model, 
along with a suitable stress field, has been proposed at real con- 
tact areas to enable a more realistic estimation of frictional con- 
straints at the interface. In the last section, the plastic flow 
mechanism in metal compression has been analyzed, taking 
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Fig. 1 Deformation in metal compression. (a) Homogenous de- 
formation. (b) Redundant deformation caused by sticking fric- 
tion at the die-metal interface. 
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into consideration the effect of  sticking friction. More rational 
flow kinetics have been proposed in cases of plane-strain and 
axisymmetric compression. The velocity fields satisfy certain 
assumed boundary conditions and reject the possibility of met- 
al flow as solid blocks or the true existence of any dead metal 
cap in the flow field. The results obtained from the proposed 
analysis have been presented for comparison and discussion. 
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Fig. 2 Comparison of yield pressures for plane-strain compres- 
sion evaluated by various analytical methods. 

2. Fundamental Concepts Concerning the Role 
of Friction in Metal Forming 

Interface frictional behavior at the die-metal interface in 
specific areas of metalforming has been investigated and stud- 
ied in detail by many researchers in the past. The fundamental 
concepts concerning the role of  friction and the factors influ- 
encing frictional constraints are briefly discussed below. 

Frictional characteristics at the die-me(al interface are de- 
pendent on the state of stress and deformation at the real contact 
zones, the latter being influenced by factors like bulk deforma- 
tion of the metal, gross or microsliding at the interface, etc. The 
die and the metal surfaces contain hills and valleys of various 
heights that are significant in terms of an atomic scale. When 
the die and the metal surfaces are brought in contact, they meet 
at high spots, known as asperities. The simplified and exagger- 
ated views in Fig. 3(a) illustrate this phenomenon. The asperi- 
ties on the die surface are usually much harder and less pro- 
nounced than those on the metal surface. For practical 
purposes, however, the die surface can be considered to be 
"smooth" compared to the "rough" metal surface. 

The geometric properties of  the surface textures of the con- 
tacting bodies normally play a significant part in frictional be- 
havior. Surface roughness is usually measured by means of sty- 
lus instruments, and a number of  parameters can be quantified 
from the topography charts thus obtained. A detailed account of 
the surface texture measurement parameters and their func- 
tional importance has been given by a number of researchers. 
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Fig. 3 Deformation and stresses at asperity peaks. (a) Peaks and valleys on metal surface. (b) Primary asperity deformation model. (c) As- 
perities at the onset of bulk deformation. (d) Stresses at asperity peaks for plane-strain compression. (e) Stresses at asperity peaks for axi- 
symmetric compression. 
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Adequate references on contact geometry and its effect on the 
tribological behavior are also available in the literature. [15-23] 

The initial actual area of  contact is brought about by defor- 
mation at the tips of the highest asperities. Asperity deforma- 
tion mechanics can be considered as the inverse of  indentation 
of a semi-infinite block with a flat punch. Tabor showed that, in 
the absence of gross deformation or sliding (i.e., normal load- 
hag), the asperity collapse pressue, Pro, is approximately 2.8 to 
3.0 times the compressive yield stress of the bulk metal, and as 
such, the number and the total area of asperity contacts are de- 
cided by the level of the applied load, under normal contact 
loading. [24] This necessitates substantial deformation or col- 
lapse of the asperities initially in contact, growth in individual 
junction areas, and contact with and deformation of  more as- 
perities. The combined areas of contact at all asperity junctions, 
under normal loading, can therefore be given as: 

F ao=g- Ill 
m 

where ao is the combined real contact area, and F is the applied 
load. 

Growth in the contact area further increases if a shear stress 
acts on the face of  the asperity junction in addition to the ap- 
plied load, which may occur in micro- and gross sliding during 
deep drawing or stretch forming operations, Tabor introduced a 
generalized yield criterion to describe asperity deformation 
mechanics under externally imposed tangential sliding: [251 

x 2 + ~ x 2 = x 2 [21 trl 

where P '  is the modified contact pressure at real contact zones; 
x ' is the shear stress at real contact zones; and ~ is a constant 
that depends on the work-hardening properties of the softer 
metal in contact. 

The coefficient of friction la is 

,~' 
la - p ,  [31 

If  a is the combined real contact area in the presence of shear 
stress at the interface, Eq. 2 (from Tabor) can be rewritten in the 
form: 

1 + ~, g2 [4] 

Tabor's generalized equation (Eq 2), however, does not take 
into consideration the bulk deformation of the metal. Adequate 
research in the past, concerning deep drawing and stretch form- 
ing, reported that planar plastic deformation in the substrate 
leads to considerable roughening of the free surface of  the met- 
al. Grains under movement, at or near the free surface, remain 
relatively unworked in spite of  substantial bulk straining. The 
presence of constraint at the metal surface in the form of  a hard 
punch or tool surface promotes an almost complete strain trans- 
fer from the bulk to the surface layer, seriously affecting the as- 
perity collapse mechanism. Traces on the surfaces in contact 
with the polished punch in the absence of lubrication demon- 
strate further junction growth and an extensive degree of asper- 

ity flattening. Accordingly, Tabor's equation (Eq 2) was modi- 
fied to consider bulk tensile deformation: [26-29] 

,C2 + V S 2 + ~ S , f f + ~ , i 7 2  =,i;2 
m [5] 

where s is the generalized bulk stress, and v and 8 are constants 
that depend on the actual bulk deformation in the contact zone. 

Equation 5 shows that both tangential micro- or gross slid- 
ing at the interface and bulk deformation cause a decrease in as- 
perity collapse pressure, with a corresponding increase in real 
contact areas in sheet-metal-forming. This aspect was well es- 
tablished in the model asperity tests reported by Fogg.[281 

3. Interface Friction Applied to Metal 
Compression 

In the compression process, the interface frictional charac- 
teristics at real contact areas do not behave in the same manner 
as in sheet-metal-forming due to the difference in deformation 
modes of the bulk metal. In sheet-metal-forming, the tool or 
punch pressure converts to stretch in the metal. Bulk tensile 
strain is transferred to the interface surface layer, associated 
with micro-sliding, and as a result, the asperity collapse pres- 
sure decreases. In the compression process, the metal under die 
pressure is forced to flow outward laterally. The bulk strain 
transferred to the interface surface layer would be compressive 
in nature, presumably associated with micrco-sliding at the in- 
itial stage. The asperity collapse pressure is therefore likely to 
increase. In the following paragraphs, an attemt has been made 
to explain the influence of bulk deformation and plastic flow on 
the frictional characteristics in the compression process. The 
fundamental concepts and behavior of friction, as discussed 
earlier, have been used and modified as required to derive the 
local and average friction coefficient, contact pressures, etc. 

3.1 Primary Asperity Deformation and Junction Growth 

Asperity collapse and junction growth at the interface be- 
fore the onset of gross deformation have been termed primary 
asperity deformation and junction growth. This phenomenon 
takes place under normal loading conditions, i,e., in the ab- 
sence of tangential sliding and bulk deformation, as stated be- 
fore. For the purpose of analysis, the value of  critical collapse 
pressure, Pm, is assumed to be 2.9 ~0, Figure 3(b) shows a 
model of primary asperity deformation. 

3.2 Secondary Asperity Deformation and Junction Growth 

At the onset of bulk plastic yielding, primary junction 
growth at the asperity peaks is seized. Instantaneously, a shear 
stress equal to k, the yield stress in pure shear, is developed at 
the real contact areas to oppose lateral plastic flow, as an imme- 
diate influence of the bulk strain transfer to the interface. As- 
perities thus in contact are put to severe shear deformation (Fig. 
3c). Soon, complete transfer of  the strain level of the substrate 
to the interface surface layer takes place, resulting in further 
junction growth and extensive asperity flattening. The surface 
texture thereafter, as seen in sheet-metalforming, undergoes 
very little change. This part of  the frictional development at the 
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Fig. 4 Surface appearance ofadisc subjected to compression. [1] 

interface has been termed as secondary asperity deformation 
and junction growth. 

From kinetics, it may be seen that the velocity of  lateral plas- 
tic flow increases from the center toward the edge. It may there- 
fore be argued that strain transfer and secondary asperity 
growth and flattening take place more quickly near the edge 
compared to the inner part of the metal surface. Almost the en- 
tire metal surface at the edge comes in contact and sticks to the 
die surface. Full sticking at the edge subsequently arrests any 
deformation, and micro-sliding at the adjacent surface ele- 
ments inward. Gradually, grains on the entire surface layer be- 
come stagnant, and no further strain transfer to the interface or 
change in surface texture can take place. The complete metal 
surface thus becomes locked to the die surface. At the center, 
subsurface plastic flow is absent, and therefore, shear stress or 
the friction coefficient at the central contact zone must be equal 
to zero. 

As compression continues and the metal expands laterally, 
material that was originally on the side of the specimen folds 
onto the die surface, increasing the total contact area. Based on 
the above analysis, it may be predicted that full sticking also 
should occur at the newly generated surface beyond the origi- 
nal edge. Figure 4 shows the surface appearance of a disc sub- 
jected to compression. [7] The outer annular-like band was origi- 
nally part of the cylindrical surface, and sticking occurred 
there. 

The foregoing discussions enabled a few valuable assump- 
tions to be made regarding frictional behavior after total asper- 
ity flattening and contact growth: 

�9 Combined real contact areas and frictional resistance are at 
a maximum at and near the edge of the metal specimen, and 
full sticking occurs there. 

�9 At the interior, secondary junction growth and frictional 
stresses are progressively less towards the center. 

�9 At the onset of bulk plastic flow, total frictional stresses be- 
tween the center and the edge, along a narrow strip of metal 
surface, reach a critical value, determined by the yield shear 
stress k and yield criterion at individual asperity peaks, and 
do not increase further at subsequent stages. 

. /  
1, 

Fig. 5 Schematic of slab-force analysis in plane-strain compres- 
sion with sticking friction. 

However, no prediction regarding distribution of frictional 
stresses at the onset of gross deformation is possible, because 
the distribution of real contact zones at this stage solely de- 
pends on the initial topography of the metal surface. 

. Interface State of Stress and the Average 
Friction Coefficient at the Onset of Bulk 
Deformation 

The interface state of stress and the average friction coeffi- 
cient at the onset of bulk deformation can be evaluated in cases 
of plane-strain and axisymmetric compression as follows. 

4.1 Plane-Strain Compression 

Referring to Fig. 5 the proposed state of stress at any point 
on the asperity peak at the onset of bulk yielding is shown in 
Fig. 3(d). From the discussions: 

az = Pm 
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Fig. 6 Schematic of slab-force analysis in axisymmetric com- 
pression. 

�9 x �9 = k  z 

x" =X" = 0  xy yz 

where fi~, fly, and Oz are orthogonal compressive stresses, and 
t �9 Xxy, Xyz, and Xxz are shear stresses. The von Mises yield criteria 

for secondary asperity deformation is 

(o~  - fi" )2 + (o; ,  - fi; )2 + (fi~ _ o ~  )2 
Y 

�9 2 ) = 6k 2 [6] +6(Zx2y +'Cy2z +'gxz 

Substituting the values: 

fi" - Pm) 2 + (o  x - Pro) 2 + 6k 2 = 6k 2 [7] (f i ; .  - - O y ) 2 +  ( Y 

((~Px -- (~y )2 + (f i;  _ pro)2 + (t~x _ pro)2 = 0 [8[  

Therefore: 

o x - O y  = o  

13y - Pm = 0 

fix - Pm = 0 

o r  

fiX = ~  =f iZ  = e m  [9] 

Thus, at the onset of bulk plastic flow, the state of stress at the 
asperity peaks is a combination of simple shear and a hydro- 
static pressure, Pro. 

Principal stresses are 

fi~ = - e m - k = e "  

fi2 = -Pm + k 

and 

f i3  = - -  P m  [10] 

If a is the average total contact area per unit area of  metal 
surface, and Pavg is the average nominal pressure, then: 

Pavg =P'  a [ 11 ] 

The average coefficient of friction is 

k ~  
Bavg- p [12] 

avg  

Using Eq 10 and 11: 

k [13] 
~avg =Pm + k 

Assuming Pm= 2.9 fi0 and fi0 = ~-k ,  Eq 13 yields: 

g a v g  = O. 1 6 6  [ 14] 

4.2 Axisymmetric Compress ion  

In the case of axisymmetric compression, Fig. 3(e) indicates 
the state of stress acting on an element at the real contact area. 
fi~ and fi~ are radial and tangential stresses, respectively. 

From the discussions: 

fi2 = - Pm 

z '  = k  r2 

and 

~' = '~' 0 0z r0 = 

Using von Mises yield criteria for secondary asperity deforma- 
tion yields: 

6~ = fl r = fiz = - P r o  [15] 

Thus, Pm is the hydrostatic stress and can be expressed as the 
mean of the principal stresses: 

0 1  + 0 2 + 0 3 
Pm - - 3 [16] 

where ( l l ,  O 1 a n d  O3a re thep r inc ipa l s t r e s se s .  

For yielding: 

0 2 = 0 1  --  0 0 

15 3 = 0 1  --  0 0 

Therefore: 
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t~l =-Pro - -3ci02 = p, laavg = 0.162 [19] 

1 
132 = -- Pm + "~CO 

and 

1 
133 = - Pm + 3~o 

The average friction coefficient is 

k 
~tavg -- 2 

em + 3 aO 

(Jo 
With Pm = 2.9a0 and k - 

"43 

[17] 

[18] 

4.3 Distribution o f  the Friction Coefficient after Comple- 
tion o f  Secondary Asperity Deformation 

As shown in Fig. 5 and 6, the yield pressures at the edge for 
plane-strain and axisymmetric compressions are equal to 2k 
and c 0, respectively. The corresponding values of  the friction 
coefficient for full sticking at the edge slaould therefore be 
equal to 1/2 and 1/4~-, respectively. 

Based on the previous analysis, distribution of the friction 
coefficient between the center and the edge, after completion of 
secondary asperity deformation, has been assumed as follows: 

For plane-strain compression: 

[201 

Z 

td) 

to) 

V'z 

Fig. 7 Deformation and plastic flow for an element undergoing metal compression. Axisymmetnc compression (a and d) and plane-strain 
compression (b and e). 
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For axisymmetric compression: 

where IX is the local friction coefficient, and t~ and [3 are the fric- 
tion exponents assumed in cases of  plane-strain and axisym- 
metric compression, respectively. 

In plane-strain compression (Fig. 5), assumed yield criteria 
at any distance x from the center is 

P - t~ x ~ 2k [22] 

where (I  x is  the lateral internal stress at  adis tance x f rom the center " 

From the equilibrium of forces between x = 0 and x = L/2 and 
using Eq 22, one obtains: 

L 
h 

12 I.tP dx = ~(Po - 2k) [23] 
0 

where h is the height of the metal specimen, and Po and 2k are 
the local yield pressures at the center and at the edge, respec- 
tively. 

In case of axisymmetric compression (Fig. 6), the similar 
equilibrium equation will be 

C g P d r = h  (po-t~o ) [24] 
0 

where R is the original radius of the metal specimen, and Po and 
r local yieldpressures atthecenterandattheedge,respectively. 

Because at the onset of bulk deformation the shear stress at 
the real contact areas reaches the value k, which is the yield 
stress in pure shear, the magnitude of  

I LI2 I.tPdx 
0 

or 

I ggedr 

reach a maximum and should remain unchanged at the sub- 
sequent stages of compression. 

4.4 Evaluation of  Local Average Yield Pressures and the 
Friction Exponent 

4.4.1 Plane-Strain Compression 

Referring to Fig. 5, the equilibrium equation of lateral forces 
on completion of secondary asperity deformation for an ele- 
ment of length dx is: 

(t~ x + dt~x)h - Oxh - 2gPdx = 0 [25] 

Equation 22, after differentiating, yields: 

d ~ r =  - d e  

Also, from Eq 20: 

1/ 7 ~t=~ 

Substituting the values and rearranging, Eq 25 becomes: 

1/4 , 
[261 

Integrating and using boundary conditions, Eq. 26 yields: 

a+l 

P = exp 1 - 
2k 2h(ct + 1) 

[271 

Therefore: 

L 

- I 1 
h L 

I2 t, tPdx = ~ (P o - 2k) = hk e 1 
o 2h (a + 1) 

[281 

With the average coefficient of friction (I. tavg = O. 166), F-x t 25 in 
the same manner yields: 

L I~l.tPdx=hk[e~ -1] [29] 

Equating Eq 28 and 29, the value of exponent the a for sticking 
friction is obtained: 

ct _= 2.0 [30] 

Equations 20 and 27 for the local friction coefficient and local 
yield pressure reduce to: 

and 

3 
= exp 1 - }] 

[31] 

[32] 

Average pressure at the interface can be evaluated as: 

3 
gav~ 2 f  L !0.166~f /~/2 ) }] expL-r- I  l -  [33] 

Integrating and neglecting higher order terms, one gets: 

[34] 
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4.4.2 Axisymmetric Compression 

Using the slab-force balance method, Eq 21 for the local 
friction coefficient, g, and gavg= 0.162, one obtains the follow- 
ing results: 

b = 2.57 [35] 

1 "r .2.57 

3.57 

}1 G 0 

[36] 

[371 

2 3 
Pavg = 1 + t ~ 0  0.207(h/+ 0,026(R + 0.0024(h I [38] 

In the same way, it is also possible to evaluate friction expo- 
nents and yield pressures at subsequent stages of compression; 
consequently, it has not been included in the present article. 

4.4.3 Local Friction Factor 

At any point on the die-metal interface, local frictional 
stress can also be expressed as: 

IX P = mk [39] 

where m is the local friction factor, and therefore: 

m = 2g [401 

Substituting the values from Eq 20 and 32 for plane-strain 
compression: 

3 
r016   }] 

For axisymmetric compression: 

m =  "/3 g ( ~  / [42] 

or, 

3,57 

5. Deformation Kinematics 

To propose suitable kinematics of plastic flow in plane- 
strain and axisymmetric compression, the following assump- 
tions have been made. Velocity discontinuity occurs at every 
point within the flow field, and deformation takes place sym- 
metrically on both sides of the central axes x - x and z - z (Fig. 

7 a and b). Redundant shear stress varies linearly from a maxi- 
mum at the interface to zero at the midaxis x-  x. Boundary con- 
ditions for the flow field are as follows. 

Plane-strain compression: 

Vx = 0 whenx= O andz =+ h/2 

Vx = a maximum whenx = + t~,5 and z = 0 
Vy = 0 everywhere 
Vz = Vo when z = _+h/2 
Vz=Owhenz=O 

Axisymmetric compression: 

Vr= O when r = O and z =+ h/2 
Vr = a maximum when r = R and z = 0 
V0 = Vr everywhere 
Vz= Vo when z=+_h/2 
Vz = O when z = O 

Homogenous and redundant deformation models of elements A 
and B in the cases of plane-strain and axisymmetric compres- 
sion are shown in Fig. 7 (c) and (d), respectively. 

5.1 Velocity Field 

5.1.1  Plane-Strain Compression 

As shown in Fig. 7 (b) and (c), velocity components in 
plane-strain compression satisfying all the boundary condi- 
tions are given as: 

V x  
V=C--P--~ q l  z 2 

h (h/2)2 [441 

V = 0 [45] Y 

2 VoZ 
[46] Vz- h 

where Vo is the uniform velocity of  the top and bottom dies, and 
C is a constant. 

From the constancy of volume, the value of C is evaluated 
as: 

C = 8 [47] 

Therefore, the expression for Vx becomes: 

8 Vox ~ 1  z2 
Vx=n  h 0/2) 2 

[48] 

5.1.2 Axisymmetric Compression 

As shown in Fig. 7 (a) and (d), the proposed velocity compo- 
nents for axisymmetric compression satisfying all the bound- 
ary conditions and volume constancy are 
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4 Vor ~1- Z2 
Vr = ~ h (h/2)2 [491 

v 0 :  v r [501 

2 VoZ 
[51] Vz-  h 

5.2 Homogeneous Work 

5.2.1 Plane-Strain Compression 

From Fig. 7(b), the internal work rate for homogenous com- 
pression of the element B is determined as: 

dW h = 2k ~ dz dx 

~Vx 
= 2k ~x  dx dz [521 

where Wh is the internal work rate for homogeneous compres- 
sion. Integrating for the entire metal: 

, L/2 , h6 3Vx 
W h = 4 i / z S 4 2 k  OVZ dzdx=4Jo Jo 2 k ~ x  dxdz 

o o ~z 
[53] 

or  

~V h = 4kV ~ L [54] 

Equating to the external work rate for homogeneous compres- 
sion, one obtains: 

Ph = 2k [55] 

where Ph is the average homogeneous work pressure. 

5.2.2 Axisymmetric Compression 

In axisymmetric compression, the internal work rate for ho- 
mogeneous compression and the average homogenous work 
pressure can be obtained in the same manner: 

W h = 2 ~ R 2 ~o VO L [56] 

and 

Ph = if0 [57]  

5.3 Redundant Work 

5.3.1 Plane-Strain Compression 

Redundant shear stress at any point within the flow field is 

2z 
~= mk - -  h 

[58] 

Substituting the value of m from Eq 41 yields: 

3 

t L / 2 )  e x p  - _ x [591 

From Fig. 7(b), the redundant work rate for the element A is 

dry r = ~ ~ dz dx  [60] 

where W r is the redundant work rate. 
From Eq 48: 

~Vx 32 VoX z 
= - -  

~z ~ h3 41  z2 
(h/2) 2 

[61] 

~v~ 
Substituting the values of x and ~-z in Eq 60, from Eq 59 

and 61, respectively, and integrating for the entire volume, Wr 
is obtained. Neglecting the higher order terms: 

~Vr=4kVoLIO.125(Ll+o.oo89(L i + 0.00045(L/3 I [62] 

Equating to the external work rate for redundant deformation, 
one obtains: 

Pr L "~-~ = 0.125(h/+ 0"0089 (L/2 + 0.0004~L)3 

where Pr is the average redundant work pressure. 

[63] 

5.3.2 Axisymmetric Compression 

In axisymmetric compression, the redundant work rate for 
the element B is 

3v 
d~V r = "~ r d 0 d r - ~  dz [64] 

dz 

So, 

2 2  r=2 R2O0VoE020 /+0026( ) 
i+0oo24 il 

Equating to the external work rate for redundant deforma- 
tion, one obtains: 
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Fig. 8 Local yield pressures and friction coefficients (calcu- 
lated) in axisymmetric compression. 

P 

r--o r 'R 

i Fig. 10 Distribution of local pressures (actual) in axisymmetric 
compression with sticking friction. [ 1,4] 

I 

i - 1  ~ \ ..-" . ~  , . , ~ , -  
~t=o -" ' x  t - "  

I I "  l " ~ J  
Fig. 9 Local yield pressures and friction coefficients (calcu- ,,, , -"  
lated) in plane-strain compression. 

er Ih I (g12 (g13 - -  = 0.207 + 0.026 + 0.0024 
G 0 

[66] 

5.3.3 Average Total Pressure 

Average total pressure, Pavg, is 

Pavg = Ph + Pr [67] 

Therefore, in plane-strain compression: 

Pavg = 1 + 0.125 + 0.0089 + 0.00045 [68] 
2k 

In axisymmetric compression: 

Pavg (h I (R) 2 (g/3 = 1 + 0.207 + 0.026 + 0.0024 [69] 
G o 

6. Comparison of Results 

For the purpose of  comparison, local yield pressures and 
friction coefficients at various points on the die-metal contact 

t A �9 o . . . . . .  ; " i �9 , 

tr 

Fig. 11 Pavg/2k versus L/h for plane-strain compression. 

have been evaluated for specific R/h and L/h ratios, using the 
derived formulas (Eq 32 and 37). The results have been plotted 
and shown in Fig. 8 and 9, respectively. The distribution pattern 
of local yield pressures between the center and the edge are 
found to be well in agreement with the experimental curve 
shown in Fig. 10. [4] . 

It may be seen from the analysis that the expressions for 
Pavg/2k or Pav~/C 0 derived by the upper bound slab-energy 
method (Eq 68 and 69) are identical to those obtained using the 
slab-force balance method (Eq 34 and 38). Also, the values of 
Pavg/2k for different L/h ratios have been evaluated and plotted 
against the corresponding slip-line field solutions in Fig. 11. All 
of these values are observed to be extremely close to the respec- 
tive slip-line field results. 
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7. Conclusions 

From the analysis in the preceding pages, the following con- 
clusions can be drawn. In metal compression, asperities on the 
metal surface deform in two stages. Whereas, the primary as- 
perity collapse occurs under normal loading before the onset of 
gross deformation, the secondary deformation and junction 
growth begins with the start of gross plastic flow. Bulk plastic 
deformation has a strong influence on the interface frictional 
characteristics. Complete strain transfer takes place at the inter- 
face surface layer. Although tensile strain, as in the case of 
stretch forming of sheet metal, reduces the asperity collapse 
pressure, compressive strain in metal compression increases 
the pressure. The increase in asperity collapse pressure in cases 
of plane-strain and axisymmetric compression are equal to k 
and 2/3 t~ 0, respectively. 

At the onset of bulk plastic flow, local frictional charac- 
teristics at any point on the metal surface are dependent on the 
initial surface topography. However, it is possible to evaluate 
average coefficients of sticking friction in plane-strain and axi- 
symmetric compression as 0.166 and 0.162, respectively. Sub- 
sequent to complete strain transfer to the interface, full sticking 
occurs at and near the edge of the metal specimen, and the fric- 
tional stresses progressively lessen toward the center. At the 
edge, the friction coefficient is the highest, whereas at the cen- 
ter it is zero. The approximate values of the friction exponents 
showing distribution of the friction coefficients between the 
edge and the center, for plane-strain and axisymmetric com- 
pression, are 2.0 and 2.57, respectively. 

Plastic flow kinetics, as proposed in the current article, as- 
sume velocity discontinuity at every point within the deforma- 
tion zone and assume that a dead metal cap does not exist inside 
the flow field. At the interface, the metal sticks to the die sur- 
face, and no micro- or gross sliding takes place there. 

Using the derived frictional characteristics and the proposed 
velocity field, both the slab-energy method and the slab-force 
balance method yield identical expressions for average yield 
pressures. The calculated results are found to be extremely 
close to the corresponding slip-line field solutions. The pro- 
posed interface sticking friction and plastic flow kinematics in 
metal compression are therefore valid and more realistic com- 
pared to earlier assumptions. 
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